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Abstract:We study the AdS5/CFT4 duality where the boundary CFT is free Yang-Mills
theory with gauge group SU(N). At the planar level we use the spectrum and correla-
tion functions of the boundary theory to explicate features of the bulk theory. Further,
by computing the one-loop partition function of the bulk theory using the methods of
arXiv:1603.05387, we argue that the bulk coupling constant should be shifted to N2 from
N2 − 1. Similar conclusions are reached by studying the dualities in thermal AdS5 with
S1 × S3 boundary.
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1 Introduction
Yang-Mills theory, with or without coupling to external matter, is known to admit a large-
color expansion strongly suggestive of a dual string description of the theory [1]. While a
precise formulation of such a dual description of, say, quantum chromodynamics (QCD)
remains lacking, string theory indicates that certain supersymmetric cousins of QCD such
as N = 4 super-Yang-Mills in four dimensions are completely equivalent to string theory
defined in Anti-de Sitter (AdS) spacetimes of one higher dimensionality [2–4]. Over the
past two decades, this duality has yielded a number of important insights into otherwise
intransigent problems such as the dynamics of strongly coupled quantum field theories (see
[5] for a review and further references).
At the same time, new AdS/CFT dualities have also been conjectured [6, 7] between
certain non-supersymmetric CFTs and higher-spin (HS) theories in AdS. A novel feature
of these dualities is that the relevant CFTs are in the vector — rather than the adjoint
— representation of the internal symmetry group, typically U(N) or O(N). This dras-
tically reduces the set of single-trace operators in CFT, hence the spectrum of the bulk
theory: it only consists of fields in a single ‘Regge trajectory’1, which are mostly massless
HS fields. The precise duality reads that the free scalar/spinor CFT3 in U(N)/O(N) vec-
tor multiplet corresponds to the type A/B non-minimal/minimal Vasiliev theory in four
dimensions [8]. These AdS4/CFT3 dualities have higher dimensional counterparts as well
as the AdS3/CFT2 version. In the latter case, the Prokushkin-Vasiliev theory [9] in three
dimensions is conjectured to be the dual of WN minimal model [10]. About higher dimen-
sions, the conjecture relates the any-d non-minimal/minimal Vasiliev theory [11], based on
a different type of oscillator, to the free scalar CFT in U(N)/O(N) vector representation.
These dualities, which we collectively refer to as HS/CFT dualities have been exten-
sively investigated with a number of promising tests and developments. For instance, these
dualities admit extensions of a critical deformation [7] as well as the one with a parity-
violating structure [12, 13]. The reader may consult the reviews [14, 15] for further reading
and references. Importantly for the present work, the matching of bulk and boundary
partition functions at next-to-leading order has been studied in the series of works [16–18]
and [19–23].
In four boundary dimensions, conventional CFT can utilize not only scalar or spinor
but also spin-one field. In the papers [19, 20], the authors studied the HS/CFT duality
with the free spin-one CFT transforming in the vector representation of U(N) or O(N).
Even though the corresponding bulk theory — which they referred as to “Type C” — is
not yet explicitly constructed, the authors could identify its field content and calculate the
one-loop partition functions for the cases of AdS5 with S
4 boundary and thermal AdS5
with S1 × S3 boundary.
These developments naturally motivate us to examine whether the original expectation
of [1] can be recast in some way in the modern AdS/CFT formulation. In particular, to
1During this paper we will occasionally refer to fields that lie in ‘n-th Regge trajectories’, by which we
mean the set of fields dual to the operators involving n+1 CFT fields. In this terminology, the higher-spin
fields are said to lie on the ‘first Regge trajectory’.
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elucidate the features of an AdS/CFT duality involving free Yang-Mills theory as the
CFT. This subject has been explored on multiple fronts, ranging from a study of the
thermodynamics of the CFT [24, 25] to studies of the spectrum [26–28], but it would be
fair to characterize our knowledge of this duality as preliminary, given our current ignorance
of formulation of the stringy bulk theory leaving aside indications from general AdS/CFT
considerations.
In this paper we shall confine ourselves to the following concrete questions: assuming
that a dual formulation of free Yang-Mills with gauge group SU(N) exists in AdS5 in the
planar limit of the gauge theory, is it possible to extend the duality to the next-to-leading
order in the ’t-Hooft expansion? More concretely, we attack the task of evaluating one-loop
partition function of the Bulk Dual theory of free Yang Mills (BDYM). The field content of
BDYM can be in principle identified by studying the single-trace operator spectrum of free
Yang-Mills, which can be grouped into different Regge trajectories. The field content of the
first Regge trajectory actually coincides with that of minimal Type-C theory, dual to O(N)
vector model of Maxwell theory, and involves infinitely many massless HS gauge fields. For
higher Regge trajectories, finding the precise field content might be feasible for the first
few n, but quickly become technically prohibitive as n grows. This technical difficulty
stands as the main obstacle in studying an adjoint model holography. In our previous work
[29] on the free scalar adjoint model holography, we devised a new method — which we
henceforth refer to as the Character Integral Representation of the Zeta function (CIRZ)
— for the computation of bulk partition function in order to bypass our ignorance of the
explicit spectrum of the theory. In the present work, we again employ the CIRZ method
in calculating one-loop partition function of BDYM. Similarly to the scalar adjoint model
case, we find the result in a good agreement with the duality conjecture with the proviso
that the ‘naive’ dictionary between the bulk loop expansion parameter and the boundary
large-color expansion parameter acquires a non-trivial shift.
A brief overview of this paper is as follows: In Section 2, we review some generalities
about the AdS/CFT correspondence with the focus on AdS5/CFT4, which is the case
relevant to us. We shall recollect some important facts about the representation theory of
the conformal algebra so(2, 4), and general features of the bulk/boundary dictionary which
we shall use for some specific free CFTs, including free Yang-Mills theory. We conclude the
section with a review of the Character Integral Representation of the Zeta function (CIRZ)
[29], which is the main technical tool of this paper. Section 3 is devoted to a review of
the Type-C duality and a reproduction of the one-loop vacuum energy, now by using the
CIRZ method. In Section 4, we move to the holography for the free Yang-Mills theory.
We first discuss some facts about the spectrum of single-trace operators as well as some
general expectations about its AdS5 dual that follow from representation theory. As an
addendum, we also discuss briefly the higgsing of higher-spin symmetry that is expected to
take place when a weak coupling is turned on for the Yang-Mills theory. With these inputs,
in Section 4.3, we study the one-loop partition function of the Bulk Dual theory to free
Yang-Mills (BDYM) around AdS5 with S
4 boundary, by making use of the CIRZ method.
The result defines the AdS5 vacuum energy of BDYM, which is related to the a-anomaly
coefficient of the free Yang-Mills. Section 5 is devoted to the case where the background of
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BDYM is the thermal AdS5 with S
1 × S3 boundary. Here, the one-loop partition function
gives the Casimir energy of thermal AdS5. We compute this quantity both for the bulk
dual of free adjoint scalar CFT as well as BDYM, contrasting them with each other. As
we shall see, a large part of our analysis for thermal AdS goes through in any dimensions.
However, for the most part we shall confine ourselves to the case of d = 4. Finally, Section
6 contains our conclusion and additional discussions.
2 A Few Prerequisites
In this work, we study the AdS5 theory, dual to the free SU(N) Yang-Mills in four di-
mensions. We will refer to this theory as BDYM (Bulk Dual theory to free Yang-Mills)
henceforth. Compared to the free scalar model duality studied in the previous work [29],
this model involves massless mixed-symmetry gauge fields in the bulk. These are precisely
the fields that form the spectrum of the minimal Type-C duality of [19, 20]. For a better
grasp of this theory, let us first review some essential ingredients for our study.
2.1 UIRs and Characters of so(2, 4)
We begin with a review of the unitary irreducible representations (UIR) of the confor-
mal/isometry algebra so(2, 4), which are carried by the perturbative spectrum of the theory.
The lowest-weight representations V(∆, (ℓ1,±ℓ2)) of so(2, 4) are labelled by the quantum
numbers ∆ and (ℓ1,±ℓ2) of the lowest-weight state, which are the UIR labels of the subal-
gebra so(2)⊕so(4). Since so(4) ≃ su(2)⊕su(2), the so(4) label (ℓ1,±ℓ2) can be translated
into the su(2)⊕ su(2) one [j±, j∓] as
ℓ1 = j+ + j− , ℓ2 = j+ − j− . (2.1)
To avoid any confusions, we assume ℓ2 ≥ 0 and j+ ≥ j− . Under the parity transposition, ℓ2
flips its sign hence a parity-invariant theory should include (ℓ1, ℓ2)PI := (ℓ1,+ℓ2)⊕ (ℓ1,−ℓ2)
or equivalently [j+, j−]PI := [j+, j−]⊕ [j−, j+] for ℓ2 6= 0. In the bosonic case where ℓ1 and
ℓ2 are integers, the parity-invariant representations can be realized as so(4) tensors with
the index symmetry given by the Young diagram,
ℓ1
ℓ2
. (2.2)
Depending the value of ∆, the so(2, 4) UIR with a given (ℓ1,±ℓ2) fall into the three different
classes [30, 31].
Long Representation
When ∆ > ℓ1 + 2 − δℓ1ℓ2 , the corresponding Verma module is unitary and irreducible:
D(∆, (ℓ1,±ℓ2)) = V(∆, (ℓ1,±ℓ2)). In CFT4, it can be realized as a higher-spin operator,
Oa1···aℓ1 ,b1···bℓ2∆ (x) . (2.3)
In AdS5, it is described by a massive higher-spin field,
ϕµ1···µℓ1 ,ν1···νℓ2 (z, x) , (2.4)
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subject to the field equation given with the mass-squared [32–34],
M2 =
∆(∆− 4)− ℓ1 − ℓ2
L2
, (2.5)
where L is the radius of AdS5 . When ℓ2 6= 0 , the operator (2.3) and the field (2.4) corre-
sponding to UIR D(∆, (ℓ1,±ℓ2)) are restricted to satisfy the (anti-)self-duality condition
depending on the sign in front of ℓ2 . The models studied in this paper are all parity in-
variant, hence involve the representation D(∆, (ℓ1, ℓ2)PI) and the operator and field are not
subject to the (anti-)self-duality condition.
The so(2, 4) character of this UIR is given by
χ∆,[j+,j−](q, x+, x−) = q
∆ P (q, x+, x−)χj+(x+)χj−(x−) , (2.6)
where χj is the character of the spin-j representation of su(2) and takes the form
χj(x) =
xj+
1
2 − x−j− 12
x
1
2 − x− 12
=
sin(j + 12 )α
sin α2
[x = ei α] , (2.7)
and P (q, x+, x−) is given by
P (q, x+, x−) =
1(
1− q x
1
2
+ x
1
2
−
)(
1− q x−
1
2
+ x
1
2
−
)(
1− q x
1
2
+ x
− 1
2
−
)(
1− q x−
1
2
+ x
− 1
2
−
) . (2.8)
In the end, the character is a function of q = e−β and x± = e
i α± . Interpreted as parti-
tion function, (β, α+, α−) would correspond to the inverse temperature and two angular
chemical potentials.
Semi-Short Representation
When ℓ1 6= ℓ2 (that is, j− 6= 0), the unitarity bound — the smallest allowed conformal
dimension for a unitary representation — is ∆ = ℓ1+2 where the Verma module develops
an invariant subspace. The UIR is known as a semi-short representation and is given by the
quotient D(ℓ1+2, (ℓ1,±ℓ2)) = V(ℓ1+2, (ℓ1,±ℓ2))/V(ℓ1 +3, (ℓ1 − 1,±ℓ2)) . The semi-short
representations relevant to the current work are the ones with the Young diagrams (s, 0)
and (s, 2)PI. The former is the usual symmetric conserved current, whereas the latter can
be realized as higher-spin operator Ja1···as,b1b2 with the conservation condition,
∂a1 J
a1···[as−1[as,b1]b2](x) = 0 , (2.9)
where the anti-symmetrization projects onto the Young diagram (s − 1, 2)PI . In AdS5,
these currents are dual to mixed-symmetry higher-spin fields having the gauge symmetry,
δ ϕµ1···µs,ν1ν2(z, x) = ∇(µ1 εµ2···µs),ν1ν2(z, x) , (2.10)
where ∇µ is the AdS covariant derivative. In terms of parity-odd or even modes (s,±2),
the number degrees of freedom (DoF) of these fields coincides with that of symmetric spin-s
field, 2s+1 . Even though D(s+2, (s,±2)) and D(s+2, (s, 0)) have the same number of DoF,
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they are genuinely different representations in AdS5. In particular, they require different
Goldstone modes to become massive. The Goldstone modes for the mixed-symmetry fields
D(s + 2, (s, 2)PI)) are nothing but the gauge modes D(s + 3, (s − 1, 2)PI), which can be
described by massive mixed-symmetry fields in AdS5. The so(2, 4) character of these UIRs
are given by the difference,
χD(s+2,(s,0)) = χs+2,(s,0) − χs+3,(s−1,0) ,
χD(s+2,(s,±2)) = χs+2,(s,±2) − χs+3,(s−1,±2) . (2.11)
Short Representation
The last case is when ℓ2 = ℓ1 = ℓ, or equivalently when j− vanishes. The unitarity
bound in this case lies on ∆ = ℓ + 1 = j+ + 1 . The corresponding lowest-weight module
develops an invariant subspace which itself contain again an invariant subspace. The UIR
is given by the coset, D(ℓ + 1, (ℓ,±ℓ)) = V(ℓ + 1, (ℓ,±ℓ))/D(ℓ + 2, (ℓ,±(ℓ − 1))) whereas
D(ℓ+2, (ℓ,±(ℓ−1))) = V(ℓ+2, (ℓ,±(ℓ−1)))/V(ℓ+3, (ℓ−1,±(ℓ−1))) . The relevant short
representation to this work is the ℓ = 1 case. In CFT4, it is realized as the field strength
operator F ab subject to the conservation condition, which is nothing but the equation of
motion for boundary spin-one field. The character of this UIR is given by
χD(2,(1,±1)) = χ2,(1,±1) − χ3,(1,0) + χ4,(0,0) , (2.12)
or equivalently (for the (1,+1) case),
χD(2,[1,0])(q, x+, x−)
= χ2,[1,0](q, x+, x−)− χ3,[ 1
2
, 1
2
](q, x+, x−) + χ4,[0,0](q, x+, x−)
= q2 P (q, x+, x−)
[
χ1(x+)− q χ 1
2
(x+)χ 1
2
(x−) + q
2
]
= e−β
2
(
cosh β cos α+2 − cos α−2
)
cos α+2 + sinhβ cosα+
2
(
cosh β − cos α++α−2
)(
cosh β − cos α+−α−2
) . (2.13)
This character will play the key role in the subsequent analysis of this work.
2.2 Tensor Product Decomposition
In order to identify the spectrum of single-trace operators in a given model of free CFT,
one can rely on group theoretical analysis. The microscopic information of CFT defines
the UIR of the conformal field and the symmetry of single-trace operators. The latter is
governed by the global symmetry of CFT and the representation carried by the conformal
field, such as O(N) vector or SU(N) adjoint. The entire set of independent single-trace
operators is obtained by decomposing tensor products of the UIR of the microscopic con-
formal field into UIRs of the conformal algebra so(2, 4). Typically, the former is short
representation whereas the latter are long or semi-short. The symmetry of single-trace
operators determines the maximum power and the symmetry (symmetric, cyclic, dihedral
etc) of the products. A convenient way to handle both of
(i) tensor products with different symmetries
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(ii) decomposition into UIRs
is using the Lie algebra character. Putting the issue (i) aside, in this section, we review a
particularly efficient method for the decomposition (ii), developed in [28]. However, since
we will eventually bypass the task of identifying single-trace operator spectrum by using the
character integral representation for the zeta function, devised in [29], this is not directly
relevant to the computation at hand. The reader interested in the final results may safely
skip this section for the later ones.
Let us first consider, for illustrative purposes, a reducible representation H of su(2)
symmetry. Its character can be expanded as
χH(x) =
∑
j∈N/2
NHj χj (x) , (2.14)
where NHj is the multiplicity of the spin-j representation in H, and in principle may also
be zero. In this example, it is easy to check that the function GH(x) defined by
GH(x) =
{(
1− 1
x
)
χH(x)
}
x≥0
, (2.15)
satisfies the property that
GH(x) =
∑
j∈N/2
NHj x
j , (2.16)
and hence serves as a generating function for the multiplicity of the spin-j representation
in H. Here the subscript x ≥ 0 instructs is to expand the function enclosed in the braces
in a series in x and pick out the non-negative coefficients of x.
Now, considering the case of so(2, 4), a reducible representation H — which would
correspond to the spectrum of single-trace operators, realized by certain tensor products
of the microscopic conformal field UIR — can be expanded as
χH(q, x+, x−) =
∑
∆,j+,j−
NHD(∆,[j+,j−]) χD(∆,[j+,j−])(q, x+, x−) . (2.17)
The resulting UIRs D(∆, [j+, j−]) from the decomposition are in general long or semi-short
representations as they would correspond to single particle fields in AdS5. As we have
seen in Section (2.1), the characters of semi-short representations are simply given by the
difference of two long representation characters. Hence, the character of the representation
H can be expanded as
χH(q, x+, x−) =
∑
∆,j+,j−
NH∆,[j+,j−] χ∆,[j+,j−](q, x+, x−) , (2.18)
where NH∆,[j+,j−] can be now negative integers. When (semi-)short multiplets are present,
some readjustments are needed for the translation of the multiplicities of Verma modules
NH∆,[j+,j−] to those of conformal primaries N
H
D(∆,[j+,j−])
[28]. For example, the multiplicities
Ns+2,[ s
2
, s
2
] = n1 andNs+3,[ s−1
2
, s−1
2
] = n2 will lead toND(s+2,[ s2 ,
s
2
]) = n1 andND(s+3,[ s−1
2
, s−1
2
]) =
– 6 –
n2 − n1. Once the decomposition (2.18) is known, it is straightforward to recover the de-
composition (2.17). Similarly to the su(2) example, we define
GH(q, x+, x−) =


(
1− 1x+
)(
1− 1x−
)
χH(q, x+, x−)
P (q, x+, x−)


x+≥0, x−≥0
, (2.19)
by filtering out the negative coefficients of x± . Then, one can show that the function GH
actually generates the multiplicities NH∆,[j+,j−] :
GH(q, x+, x−) =
∑
∆,j+,j−
NH∆,[j+,j−] q
∆ x
j+
+ x
j−
− . (2.20)
In Section 4.1, we shall use this method to identify the single-trace spectrum of the AdS5
dual theory to the free Yang-Mills. However, it is more useful to consider a rewriting of
the above generating function (2.19) which yields the multiplicities of conformal primaries
corresponding to a given twist τ = ∆− ℓ1. Using the new variables (x˜1, x2) where x˜1 = q x1
(x1 = x
1
2
+ x
1
2
−, x2 = x
1
2
+x
− 1
2
− ), we obtain
G (q, x1, x2) = G (q, x˜1/q, x2) =
∑
∆,j+,j−
N∆,[j+,j−] q
∆−j1 x˜
j++j−
1 x
j+−j−
2
=
∑
τ,ℓ1,ℓ2
Nτ,(ℓ1,ℓ2) q
τ x˜ℓ11 x
ℓ2
2 =
∑
τ
qτ Gτ (x˜1, x2) ,
(2.21)
where Gτ counts the number of conformal primaries carrying a given twist τ but with
otherwise arbitrary SO(4) quantum numbers ℓ1 and ℓ2.
2.3 Anomaly, Casimir Energy and AdS Vacuum Energy
In this section, we provide a brief review of some essential features of the AdS/CFT cor-
respondence that are useful for our present analysis. The reader is referred to [5] for more
details and references. In particular, we review how the one-loop partition function of the
AdS theory can be related to the anomaly and Casimir energy of the dual CFT. We shall
also review some essential facts about the vacuum energy in AdS5, and its computation
at one loop by the zeta function method. This has already been reviewed extensively in
[29] and we refer the reader to that paper for more details and references. Subsequently,
we shall also review the relevance of these computations to the holographic computation
of the a-anomaly coefficient in CFT4s [35].
CFT Side
Let us consider a CFT with action S[φ] where the (not necessarily scalar) field φ takes
value in an N-dimensional representation of the Lie algebra SU(N). If φ carries the adjoint
representation of SU(N), N = N2 − 1. Let us now consider the free energy FCFT defined
by
exp(−FCFT) =
∫
Dφ exp(−SCFT [φ]) . (2.22)
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For a generic CFT this admits a large-N expansion,
FCFT = NF
(0)
CFT + F
(1)
CFT +
1
N
F (2)CFT + · · · . (2.23)
For free CFTs, the free energy F (0)CFT is one-loop exact and can be simply evaluated.
In even boundary dimensions, the free energy has a logarithmic UV divergence which
is entirely fixed by the conformal anomaly as
F logCFT[gab] =
log ΛCFT
(4π)2
∫
d4x
√
g
(
aE(4) − cW 2
)
(2.24)
where E(4) is the Euler characteristic density in four dimensions and Wabcd is Weyl tensor.
Here, the coefficients a and c are respectively known as the a and c anomalies coefficients.
CFT on S4 When (Euclidean) AdS5 has S
4 boundary, which is conformally flat, the c
anomaly identically vanishes and only a anomaly gives the contribution to (2.24). There-
fore, the free energy of a free CFT is given by
FCFT = 4 aCFT log ΛCFT . (2.25)
In particular, the a-anomaly coefficient2 for free Yang-Mills is
Ffree YM = N
31
45
log ΛCFT . (2.27)
CFT on S1×S3 The finite temperature CFT is defined by compactifying the (Euclidean)
time direction to a circle S1 with period β. We identify this period by inverse temperature.
In this case, the a and c anomalies all vanish hence the log divergent term disappears.
Finally, the free energy of a free CFT is given by
FCFT(β) = β ECFT + FˆCFT(β) , (2.28)
where FˆCFT(β) is the part vanishing in the low temperature (β →∞) limit. Hence, in the
limit, the free energy is dominated by the Casimir energy ECFT
3 in S3 . In particular, the
free energy of free Yang-Mills reads
Ffree YM(β) = N
11
120
β + Fˆfree YM(β) , (2.30)
2In the case of a generic free theory involving n0 scalars, n 1
2
Dirac fermions and n1 real vectors, the
a-anomaly coefficient is given by
aCFT =
n0 + 11n 1
2
+ 62n1
360
. (2.26)
3In the case of a generic free theory involving n0 scalars, n 1
2
Dirac fermions and n1 real vectors, the
Casimir energy in S3 is given by, see Table 2 of [20],
ECFT =
n0 +
17
4
n 1
2
+ 22n1
240
. (2.29)
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where Fˆfree YM(β) is independent of N and given by
Fˆfree YM(β) = −
∞∑
m=1
1
m
Zfree YM(mβ) , (2.31)
where Zfree YM(β) is the single-trace partition function of free Yang-Mills, which has been
evaluated by Po´lya counting in [24].
AdS Side
Now the formulation [3, 4] of the AdS/CFT duality states that the quantity FCFT should
be identified to the AdS quantity ΓAdS [h] given by
exp(−ΓAdS[h]) =
∏
∆,ℓ,I
∫
ϕ|∂AdS=h
DϕI∆,ℓ exp
(
−1
g
SAdS[φ]
)
, (2.32)
evaluated at h = 0. The subscript ϕ|∂AdS = h of the path integral indicates that the fields
obey the Dirichlet-like boundary conditions ϕI∆,ℓ ∼ z∆ hI∆,ℓ as z tends to zero, which is the
location of the AdS boundary in the Poincare´ patch. Now we decompose the field φI∆,ℓ as
ϕI∆,ℓ = ϕ
I
∆,ℓ(h)+π
I
∆,ℓ , where ϕ
I
∆,ℓ (h) is the unique field configuration solving the classical
equations of motion with the Dirichlet boundary conditions, and πI∆,ℓ denotes quantum
fluctuations of the field ϕI∆,ℓ. In that case, ΓAdS[h] admits the loop expansion,
ΓAdS[h] =
1
g
Γ(0)AdS[h] + Γ
(1)
AdS[h] + g Γ
(2)
AdS[h] + · · · . (2.33)
As mentioned previously, the AdS/CFT conjecture states that ΓAdS[0] = FCFT. It turns out
that the fairly innocuous property that FCFT is free of 1/N corrections imposes fairly non-
trivial constraints on the bulk theory. In particular, we expect the large-N expansion on the
boundary to be related to the loop expansion in the bulk. If we identify the dimensionless
loop counting parameter g in the bulk with the boundary large-N expansion parameter
1/N, then the absence of the subleading contributions in the latter parameter implies that
all higher-loop corrections to ΓAdS must also vanish, that is, all the bubble diagrams in AdS
must sum up to zero at every order in the loop expansion. In this paper we shall test this
criterion for the case of the one-loop correction to ΓAdS[0], given by Γ
(1)
AdS[0] ≡ Γ(1)AdS. This is
given by
exp
(−Γ(1)AdS) = ∏
∆,ℓ,I
∫
DπI∆,ℓ exp
(
−1
g
S2 [π]
)
, (2.34)
where the quadratic action S2 [π] is simply the sum of the quadratic actions for the various
fluctuation fields πI∆,ℓ. This fact has the following important consequence. We can evaluate
the vacuum energy piecewise, by computing it for every individual field with given so(2, 4)
quantum numbers ∆, ℓ and then summing over all fields in the spectrum of the theory.
This is carried out through the zeta function ζ∆,ℓ (z) associated with D(∆, ℓ) as
Γ(1) renAdS = −
1
2
∑
∆,ℓ,I
N∆,ℓ ζ
′
∆,ℓ(0) , (2.35)
where N∆,ℓ is the number of fields carrying the so(2, 4) quantum numbers ∆, ℓ.
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AdS with S4 boundary We shall provide explicit expressions for ζ ′∆,ℓ(0) in Section 2.4
but for the moment, let us note that the vacuum energy is proportional to the volume
of AdS5, i.e. Γ
(1) ren
AdS = π
−2VolAdS5 γAdS . This may be seen from the general expression
(2.34) and the homogeneity of AdS5. The volume of AdS5 is infinite, causing the volume
factor to diverge, whereas the constant γAdS is finite and depends on the AdS theory. The
volume divergence of AdS5 is regulated by putting a radial cutoff at a large value R of
the AdS radial coordinate and we find that the regulated volume of AdS5 is given by
VolAdS5 = π
2 logR [36]. As a result, the vacuum energy takes the form
Γ(1) renAdS = logRγAdS , (2.36)
which will be eventually related to the conformal a-anomaly coefficient of the boundary
theory in Section 4.3
Thermal AdS with S1 × S3 boundary In the case of thermal AdS, hereafter referred
to as TAdS, which is the space obtained when the time direction in global AdS undergoes
a periodic identification with period β, the one-loop quantity Γ(1) renTAdS takes the form
Γ(1) renTAdS (β) = β ETAdS + FˆTAdS(β) , (2.37)
where β ETAdS is the contribution proportional to the volume of thermal AdS, hence linear
in β. On the other hand, FˆTAdS(β) is the part vanishing in the β →∞ limit. This quantity
was computed in [37–41] for various spin fields in AdS. It will turn out that this contribution
matches on the bulk and boundary side by construction. However, the other term ETAdS
will be of significance to us. It is the Casimir energy of the spatial section of thermal AdS
and will be eventually related to the boundary Casimir energy ECFT [18]. We continue the
discussion in Section 5, and compare the case of Yang-Mills theory with the free scalar
SU(N) adjoint model.
2.4 Character Integral Representation of Zeta Function (CIRZ)
This section is a review of the formalism devised in [29] to compute the one-loop vacuum
energy of a AdS theory with Hilbert space H . In principle to calculate the full zeta
function of the theory, we need to know first the field content of the AdS theory, that is,
the multiplicities NHD(∆,[j+,j−]:
H =
⊕
∆,j+,j−
NHD(∆,[j+,j−])D(∆, [j+, j−]) , (2.38)
as it is the sum of the zeta functions of individual fields:
ζH(z) =
∑
∆,j+,j−
NHD(∆,[j+,j−]) ζD(∆,[j+,j−])(z) . (2.39)
The perturbative spectrum, namely the field content, of AdS theory can be obtained by
tensor product decomposition of the conformal field UIR, which in turn amounts to de-
composing the character for the whole theory, χH, into the UIR characters χD(∆,[j+,j−]) as
in (2.17). The new method allows us to compute the zeta function directly from the full
character χH without needing to expand it into χD(∆,[j+,j−])’s.
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Full Character χH
Spectrum
Zeta Function
Usual Method
Character Integral
Representation
Here, let us only quote the final result of [29]. The zeta function of the theory with Hilbert
space H is given by the sum of three terms,
ζH(z) := ζH|1(z) + ζH|2(z) + ζH|3(z) , (2.40)
where the ζH|n are the Mellin transforms,
Γ(z) ζH|n(z)
logR
=
∫ ∞
0
(
β
2
)2(z−1−n)
Γ (z − n) fH|n (β) , (2.41)
of the functions fH|n defined through the character χH by
fH|2(β) =
sinh4 β2
2
χH (β, 0, 0) ,
fH|1(β) = sinh
2 β
2
[
sinh2 β2
3
− 1− sinh2 β2
(
∂2α1 + ∂
2
α2
)]
χH (β, α+, α−)
∣∣∣∣
α±=0
,
fH|0(β) =

1 + sinh2 β2
(
3− sinh2 β2
)
3
(
∂2α1 + ∂
2
α2
)
−sinh
4 β
2
3
(
∂4α1 − 12 ∂2α1∂2α2 + ∂4α2
)]
χH (β, α+, α−)
∣∣∣∣
α±=0
.
(2.42)
In this manner, the zeta function associated with quadratic fluctuations of a given content
H of fields on AdS5 may be written in terms of the character of the conformal algebra
so(2, 4) associated with H. This formula enables us to bypass the explicit identification of
the spectrum of single-trace operators and directly compute the zeta function, hence the
one-loop vacuum energy of the theory about the AdS background. This is the key technical
method which we shall use in this paper.
We now turn to discussing about the β integrals given in (2.41). Using the Taylor
expansions of the characters in q = e−β , the e−β(∆+m) contribution in the integrand of
(2.41) leads to
∫ ∞
0
dβ
(
β
2
)2(z−1−n)
Γ(z − n) e
−β(∆+m) = 4−z+n+1 (∆ +m)−2z+2n+1
Γ(2z − 2n − 1)
Γ(z − n) . (2.43)
Then it is easy to see that the small z behavior of the integral (2.41) is free of a singularity:
∫ ∞
0
(
β
2
)2(z−1−n)
Γ (z − n) fH|n (β) = −2 γH|n +O(z) , (2.44)
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where γH|n is a constant. From this we observe two things. Firstly, the UV divergence of the
vacuum energy, corresponding to ζH(0) is universally absent in AdS5. This is a well known
fact about odd dimensions, having to do with the absence of integral powers (in particular
t0) in the short time t expansion of the heat kernel in odd dimensions. Secondly the finite
part of the vacuum energy, controlled by γH|n, is entirely captured by the divergence about
the neighborhood of β = 0. For any finite field content H, the function fH|n (β) has no
singularities on the positive real axis except for the pole at β = 0. Hence, for a sufficiently
large z, the integral appearing in (2.44) may be recast into the contour integral
i
2 sin (2πz)
∮
C
dβ
(
β
2
)2(z−1−n)
Γ (z − n) fH|n (β) , (2.45)
where C is the contour shown in Figure 1. The advantage of the representation (2.45) is
Re(β)
Im(β)
Figure 1. Integration contour for the zeta function
that the above contour integral is well-defined for any value of z. In particular, the product
of sin (2πz) Γ (z − n) has a smooth limit as z approaches zero. Also, when we set z to zero,
the integrand becomes free of the branch cut and the contour may be shrunk to a small
circle around β = 0 and the value of the integral is controlled entirely by the residue of the
function fH|n at β = 0. In particular,
γH|n = − (−4)n n!
∮
dβ
2πi
fH|n(β)
β2(n+1)
. (2.46)
The above residues may easily be calculated from picking the β2n+1 term in the small β
expansion of the functions fH|n(β) and the one-loop vacuum energy found to be the sum
Γ(1) renH = logR
(
γH|2 + γH|1 + γH|0
)
. (2.47)
To recapitulate, for any spectrum H whose fH|n do not have any singularity on the positive
real axis of β, both methods of evaluating the contour integral (2.46) and extracting β2n+1
coefficient from fH|n(β) give the same answer. However, it is no more the case for the
theories which exhibit a Hagedorn transition, such as adjoint models, since they possess
branch points in the complex β plane. As a result, in such a theory, the contour integral
would give an a priori different result to that obtained from the β2n+1 coefficient. Let us
emphasize that this ambiguity of choosing a proper prescription for the vacuum energy is
not a mathematical or technical one, but a physical or conceptual one. For the moment,
we do not find any clear physical guideline which give a preference on one than the other.
Among the options, the one making use of the β2n+1 coefficient is computationally the
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most accessible to implement, and it is what we shall focus most closely on. But, let us
remind again that the contour integral would in general give a different result in the adjoint
models we shall consider, and indeed in the case of free scalar adjoint models.
3 Holography for Type-C Higher-Spin Theory Revisited
Before moving to the holography of free Yang-Mills, let us first consider its vectorial coun-
terpart, which has been studied in [19, 20]. The boundary CFT of the model is the N
complex or real Maxwell fields in the vector representation of U(N) or O(N), and the AdS
dual is a higher-spin field theory containing both symmetric and mixed-symmetry gauge
fields. The latter AdS higher-spin theory is referred in [20] as to type C by analogy with
type A and B HS theories dual to free scalar and spin-half fermion CFTs. We revisit this
model as it can be viewed as the gauge or massless sector of the AdS theory dual to free
Yang-Mills. More precisely, the set of ‘single-trace’ operators in the vector model CFT
is in one-to-one correspondence with the Yang-Mills single-trace operators involving two
curvatures. This is very similar to how the type-A higher-spin theory can be viewed as the
gauge sector of the AdS dual of the free scalar adjoint model [29].
With this in mind, we turn to computing the vacuum energy of the type-C HS the-
ory, which has been first evaluated in [19] and related to the anomaly a-coefficient of the
boundary theory. Even though the physical quantity we calculate is not new, our calcula-
tion method is so: in [19], the total vacuum energy has been obtained as the infinite sum of
vacuum energies of each AdS fields with the damping factor e−ǫ (s+
1
2
). In the type A model
case, the latter regularization proved to give the same result as the one obtained in the
regularization where we first sum over the field content then remove the UV cut-off (which
amounts to taking z → 0 limit). However, finding the proper damping factor is not a sys-
tematic problem in general and may become practically ambiguous in a case where there
is no expected result and other regularization method is not available. In the following, we
compute the zeta function of the type C higher-spin theory by using the Character Integral
Representation of Zeta function (CIRZ), which is based on the regularization scheme, ‘first
sum over spectrum, then remove the regulator’.
3.1 Vector Model Maxwell Theory and Its Single-Trace Operators
The boundary CFT is based on Maxwell field, whose so(2, 4) UIR corresponds to
S1 = D(2, (1, 1)PI) = D(2, (1, 1)) ⊕D(2, (1,−1)) = D(2, [1, 0]) ⊕D(2, [0, 1]) , (3.1)
which is the parity invariant combination of spin-one doubleton — which is also referred to
as singleton. Combining the character (2.13) with its D(2, (1,−1)) counterpart, we obtain
the character of parity invariant spin-one doubleton as
χS1(β, α+, α−) = e
−β e
β
(
cos2 α+2 + cos
2 α−
2
)− 2 cos α+2 cos α−2 − sinhβ(
cosh β − cos α++α−2
)(
cosh β − cos α+−α−2
) . (3.2)
In our analysis, this character plays the key role. Like in type A and B models, there are
two versions in the type C model holography: the duality between the U(N) CFT and the
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non-minimal type C higher-spin theory and the duality between the O(N) CFT and the
minimal theory.
U(N)/Non-Minimal Model
In the case of U(N) model, the Maxwell field is complex, hence the CFT is given by
SCFT =
∫
d4x
N∑
i=1
F¯i ab F
ab
i . (3.3)
All U(N)-invariant single-trace operators are bilinear in F¯i ab and Fi ab . The spectrum of
such operator can be obtained by decomposing
HC,non-min = S1 ⊗ S1 , (3.4)
into so(2, 4) UIR. This has been already carried out in [19, 20, 31], and the decomposition
reads
HC,non-min = 2D(4, (0, 0)) ⊕D(4, (1, 1)PI)⊕D(4, (2, 2)PI)
⊕ 2
∞⊕
s=2
D(s+ 2, (s, 0)) ⊕
∞⊕
s=3
D(s+ 2, (s, 2)PI) . (3.5)
The UIRs in the first line are long hence non-conserved currents on the boundary [19],
O′ = F¯ab ∗F ab , O = F¯ab F ab , Oab = F¯c[a Fb]c , Ocdab = F¯(a(c Fb)d) , (3.6)
dual to massive fields in AdS. Here, the summation over internal U(N) index should be
understood and ∗ denotes the Hodge dual. The UIRs in the second line are semi-short,
that is, conserved currents on the boundary dual to massless fields in AdS. The symmetric
conserved currents are of the form,
Ja1···as = F¯(a1|b
↔
∂ a2 · · ·
↔
∂ as−1 Fas)
b + ∗F¯(a1|b
↔
∂ a2 · · ·
↔
∂ as−1
∗Fas)
b − (trace) , (3.7)
where (trace) indicates the improvement term necessary to render the current traceless.
The other symmetric conserved currents J ′a1···as have the same form as above but Fi ab and
∗Fi ab interchanged. The precise form of these currents including the (trace) part and the
mixed-symmetry conserved currents Ja1···as,b1b2 are given in [42].
O(N)/Minimal Model
When the Maxwell fields are real, A¯i µ = Ai µ, then the U(N) symmetry reduces to O(N)
and the single-trace operator spectrum can be obtained by decomposing the symmetrized
tensor product,
HC,min = S1 ⊗sym S1 . (3.8)
The symmetrization projects out a part of single trace operators and leaves
HC,min = 2D(4, (0, 0)) ⊕D(4, (2, 2)PI)
⊕
∞⊕
s=2
D(s+ 2, (s, 0)) ⊕
⊕
s=4,6,...
D(s+ 2, (s, 2)PI) . (3.9)
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The projected operators are Oab and J ′a1···as and Ja1···a2n+1,b1b2 . As opposed to the U(N)
case, the O(N) spectrum contains only one copy of symmetric currents/fields: in particular,
stress tensor T µν is the only rank-two current on the boundary, or equivalently graviton is
the only massless spin-two field in AdS.
3.2 Vacuum Energy of Type-C Higher-Spin Theory
We now revisit the computation of the vacuum energy in the (non-)minimal type C higher-
spin theory in AdS5. As mentioned before, we compute the zeta function (hence, the
vacuum energy) using the CIRZ method rather than summing individual vacuum energies
with an ad hoc regularization prescription.
U(N)/Non-Minimal Model
Let us first consider the U(N)/non-minimal model case. In our method, all we need to
know is the character of entire field content, which is simply given by
χC,non-min(β, α+, α−) = χS1(β, α+, α−)
2 . (3.10)
Then, using the definitions (2.42), we obtain
fC,non-min|2(β) =
e−2β
(
3− e−β)2
8 (1− e−β)2
,
fC,non-min|1(β) =
e−2β
(
3− e−β) (27− 19 e−β + 17 e−2 β − e−3β)
12 (1− e−β)4
,
fC,non-min|0(β) =
16 e−2 β
(1− e−β)4
.
(3.11)
The above functions are free from any singularity in the positive β axis except for a pole
at β = 0 . Series expanding the above, we find the coefficients,
γC,non-min|2 =
14
15
, γC,non-min|1 =
4
9
, γC,non-min|0 = 0 , (3.12)
which may be summed to finally give
Γ(1) renC,non-min =
62
45
logR . (3.13)
This matches to the result obtained in [19] by summing individual vacuum energies with
damping factor e−ǫ (s+
1
2
) . The result is precisely the “vacuum energy” of a complex Maxwell
field4 — which is twice of that of a real Maxwell field (that is, the spin-one doubleton S1),
Γ(1) renS1 =
31
45
logR . (3.17)
4The AdS5 vacuum energy of the boundary spin-one can be formally computed by interpreting the
character of the short representation S1 as the partition function for a field in AdS5, even though this
primary does not represent a propagating degree of freedom in the bulk. A similar phenomenon was observed
for the boundary scalar in [29] where this bulk computation yielded an answer which reproduced the a
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Now we turn to the interpretation of this result, as given in [19], following [16, 17].
Firstly since we have a CFT with N complex vectors, from equation (2.26) we find that
FU(N) Maxwell = 2N
31
45
log ΛCFT. (3.18)
Correspondingly, on the AdS side we have
ΓC,non-min =
1
g
SC,non-min + Γ
(1) ren
C,non-min +O(g)
=
1
g
SC,non-min +
62
45
logR+O(g),
(3.19)
where SC,non-min = Γ
(0)
C,non-min is the on-shell classical action with trivial boundary condition.
Using the correspondence between UV and IR divergences in the CFT and AdS theories
respectively, we get
62
45
N logR =
1
g
SC,non-min +
62
45
logR , (3.20)
which suggests the identifications
1
g
= N − 1 , SC,non-min = 62
45
logR . (3.21)
Hence, the result (3.13) suggests that the bulk inverse coupling constant should be shifted
from N to N − 1 .
O(N)/Minimal Model
We next turn to the minimal theory, whose character is given by
χC,min(β, α+, α−) =
χS1(β, α+, α−)
2 + χS1(2β, 2α+, 2α−)
2
. (3.22)
The contribution of the first term has already been evaluated when we analyze the non-
minimal theory in the previous section (see (3.13)). We will therefore concentrate on the
second term, χh(β, α+, α−) = χS1(2β, 2α+, 2α−) up to 1/2 factor. For this again, the
functions fh|n may be computed and then series expanded to obtain the quantities γh|n.
We find
γh|2 =
253
480
, γh|1 =
101
288
, γh|0 =
1
2
, (3.23)
anomaly for the boundary conformal scalar. Using the partition function χS1 , we obtain the expressions
fS1|2(β) = fS1|1(β) =
e−2β − 16 e−β + 15
24
, fS1|0(β) = 1. (3.14)
These in turn may be expanded in powers of small β to obtain
γS1|2 =
7
15
, γS1|1 =
2
9
, γS1|0 = 0, (3.15)
which may be summed to finally obtain
Γ(1) ren
S1
=
31
45
logR . (3.16)
This is consistent with that boundary one-loop result (2.26) upon using the correspondence between UV
and IR in AdS/CFT dualities.
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hence
γh|2 + γh|1 + γh|0 =
62
45
. (3.24)
We thus finally obtain the one-loop vacuum energy of the minimal theory to be given by
Γ(1) renC,min =
1
2
(
62
45
+
62
45
)
logR =
62
45
logR , (3.25)
which is same as that of non-minimal model (3.13). This result may be interpreted in a
similar manner to the non-minimal case above [19]. We again use (2.26) to obtain
FO(N)Maxwell = N
31
45
log ΛCFT. (3.26)
Correspondingly, on the AdS side we have
ΓC,min =
1
g
SC,min + Γ
(1) ren
C,min +O(g)
=
1
g
SC,min +
62
45
logR+O(g) ,
(3.27)
where SC,min = Γ
(0)
C,min is the on-shell classical action with trivial boundary condition. We
are thus led to identify
31
45
N logR =
1
g
SC,min +
62
45
logR , (3.28)
which suggests the identifications
1
g
= N − 2 , SC,min = 31
45
logR . (3.29)
This suggests the bulk inverse coupling constant should be shifted from N to N − 2 .
4 Holography for Free Yang-Mills
We now study the main target of the current work, the holography of free Yang-Mills. We
begin with the analysis of field/operator content of this AdS/CFT duality, in particular
providing detailed discussions on the first massive higher-spin multiplet, that we refer as to
the second Regge trajectory. We then elaborate further the bulk theory based on its higher-
spin symmetry and representations. Consideration of the CFT correlators give additional
hints about this theory. Finally, we turn to the computation of the vacuum energy of this
theory.
4.1 Free SU(N) Yang-Mills and its Single-Trace Operators
The model we consider is the free limit of SU(N) Yang-Mills. In canonical normalization,
the action is given by
SCFT =
1
4
∫
d4xTr
[
Fab F
ab
]
, (4.1)
where Fab = 2 ∂[aAb] and the gauge field Aa takes value in the adjoint representation of
SU(N) . This literally free theory can be also considered as the zero ’t-Hooft coupling
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limit in the large N expansion of ordinary SU(N) Yang-Mills. The single-trace operators
are constructed from Fab hence can be decomposed into the number of Fab involved. For
instance, the single-trace operators at the order k take the schematic form of
Tr [∂n1F ∂n2F · · · ∂nkF ] . (4.2)
The spectrum of these operators can be obtained by decomposing tensor products of S1
into so(2, 4) UIRs. In this adjoint case, the power of products can be increased to N and
in order to take into account of the cyclic symmetry of the trace, the cyclic tensor products
of S1 have to be considered,
Hk =
[ k︷ ︸︸ ︷
S1 ⊗ · · · ⊗ S1
]
cyc
. (4.3)
The cyclic tensor product can be realized combinatorically by making use of the Po´lya
enumeration theorem, which defines the cyclic index [43–46]. The latter is nothing but the
character of Hk and it is given by
χcyck(g) =
1
k
∑
n|k
ϕ(n) [χS1(g
n)]
k
n , (4.4)
where n|k indicates the positive integers n which divide k, and ϕ(n) is the Euler totient
function, which counts the number of relative prime of n in {1, 2, . . . , n} .
As we have noted previously, the spectrum of single-trace operators in adjoint model
CFTs is immensely larger than that of vector models, and indeed one important virtue in
our method of computing the one-loop vacuum energy is that a precise determination of the
spectrum is not required. Nonetheless, it would be of interest to explicate the spectrum,
at least for some small powers of k appearing in the cyclic tensor product (4.3). Firstly
we note that at the order k = 2, the cyclic product is same as the symmetric one, hence
the single-trace operators at this order are the same as those of free Maxwell O(N) model.
The spectrum obtained from these operators has already been enumerated in (3.9). Hence
we directly proceed to the case of k = 3.
Order Three Single-Trace Operators
Let us consider the spectrum of single-trace operators of free Yang-Mills involving three
Fab . These also define the field content of the AdS theory in the second Regge trajectory.
The relevant character is the k = 3 case of (4.4) and given by
χcyc3(β, α+, α−) =
χS1(β, α+, α−)
3 + 2χS1(3β, 3α+, 3α−)
3
. (4.5)
To get the operator/field content, we decompose the above character into that of so(2, 4)
UIRs. It may be possible, though we do not do so here, to carry out an explicit decomposi-
tion of the representation by means of an oscillator construction, as carried out in [26, 29].
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Instead, we use here the method developed in [28] and reviewed in Section 2.2. The formula
(2.19) gives the generating function of the multiplicities of the operator/field content as
Gcyc3
(
q,
x1
q
, x2
)
=
∞∑
τ=3
qτ Gτcyc3(x1, x2) , (4.6)
where x21 = x+ x− and x
2
2 = x+/x− , hence the power of x1 and x2 correspond to ℓ1 and ℓ2
of the two-row Young diagram of so(4) . Here, we expand the generating function Gcyc3 in
terms of twist τ = ∆− ℓ1 since it organizes the spectrum better than the conformal weight
(or lowest energy) ∆ . The multiplicity generating function of given twist τ can be again
expanded as a series in x2,
Gτcyc3(x1, x2) =
τ∑
ℓ2=0
x2
ℓ2 Gτ,ℓ2
cyc3
(x1) . (4.7)
Here, we consider only positive powers of x2 as the theory is parity-invariant: the coeffi-
cients of negative powers are identical to those of positive ones. Now, let us provide explicit
examples for a few lower twists. In the second Regge trajectory, the lowest twist is three,
hence only contains long representation, that is, massive fields in AdS5.
Twist Three At twist three, we get
G3cyc3(x, y) = y G
3,1
cyc3
(x) + y3G3,3
cyc3
(x) , (4.8)
hence, there are two types of fields:
ℓ1 , ℓ1 . (4.9)
The first type of fields with ℓ2 = 1 have the multiplicity generating function
G3,1
cyc3
(x) =
x3
(1− x)2 =
∞∑
ℓ1=3
(ℓ1 − 2)xℓ1 , (4.10)
or in other words, the UIR decomposition contains
∞⊕
ℓ1=3
(ℓ1 − 2)D(3 + ℓ1, (ℓ1, 1)PI) . (4.11)
The multiplicities of the second type fields with ℓ2 = 3 are generated by
G3,3
cyc3
(x) =
x3 (1− x+ x2)
(1− x)2 (1 + x+ x2)
= x3 + x5 + 2x6 + x7 + 2x8 + 3x9 + 2x10 + 3x11 +O(x12) . (4.12)
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Twist Four The fields of twist four are of particular interest as they include fields that
can serve as Goldstone modes for massless HS fields. We remind the reader that all the
massless fields in AdS5 have the twist two and the Goldstone modes have the twist greater
than that of massless fields by two, hence four. In this case, we get
G4cyc3(x, y) = G
4,0
cyc3
(x) + y2G4,2
cyc3
(x) + y4G4,4
cyc3
(x) , (4.13)
hence, there are four types of fields:
ℓ1 ,
ℓ1 , ℓ1 . (4.14)
First, the multiplicities of symmetric fields are generated by
G4,0
cyc3
(x) =
2x2
(1− x)2 =
∑
ℓ1=2
2 (ℓ1 − 1)xℓ1
= 2x2 + 4x3 + 6x4 + 8x5 + 10x6 + 12x7 + 14x8 + 16x9 +O(x10) . (4.15)
These include all the Goldstone modes D(s+3, (s− 1, 0)) for symmetric massless HS fields
D(s + 2, (s, 0)) except for the s = 1 and 2, namely the Goldstone modes for a U(1) gauge
field and graviton — higher Regge trajectory fields do not contain such modes either. The
absence of Goldstone modes for the U(1) gauge field and the graviton is interesting, and
understandable as this suggests that when a coupling is weakly turned on for the CFT,
higgsing the higher-spin symmetry, the graviton and U(1) gauge field do not get a mass
term as there are no Goldstone bosons they can eat.
The second type of fields have the multiplicities correspondingly to
G4,2
cyc3
(x) =
2x3 (1 + x)
(1− x)2 (1 + x+ x2)
= 2x3 + 4x4 + 4x5 + 6x6 + 8x7 + 8x8 + 10x9 +O(x10) . (4.16)
They include the Goldstone modes D(s + 3, (s − 1, 2)PI) for mixed-symmetry HS fields
D(s + 2, (s, 2)PI) except for s = 3 case. Field of this exceptional case does not appear in
the first Regge trajectory, hence all mixed-symmetry massless fields in the spectrum can
acquire mass through a Higgs mechanism.
The last type of fields with ℓ2 = 4 have the multiplicity generating function,
G4,4
cyc3
(x) =
x4 (1− x+ x2)
(1− x)2 (1 + x+ x2)
= x4 + x6 + 2x7 + x8 + 2x9 + 3x10 + 2x11 + 3x12 +O(x13) . (4.17)
These fields can be also considered as Goldstone modes D(s + 3, (s − 1, 4)PI) but the
corresponding massless fields are not present in the theory.
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Higher Twist In principle, one can proceed to higher twist in the same manner. For in-
stance, the multiplicities of fields having twist five and six are all encoded in the generating
functions,
G5cyc3(x, y) = y
2x (1 + x)
(1− x)2 (1 + x+ x2) + y
3 x
3
(1− x)2 + y
5 x
5 (1− x+ x2)
(1− x)2 (1 + x+ x2) , (4.18)
and
G6cyc3(x, y) =
2 (1 − x+ x2)
(1− x)2 (1 + x+ x2) + y
2 x
2
(1− x)2 + y
4 x
4
(1− x)2 + y
6 x
6 (1− x+ x2)
(1− x)2 (1 + x+ x2) .
(4.19)
For higher twists, it turns out that there is no limit of allowed twists in the second Regge
trajectory as opposed to the case of scalar adjoint model in AdS4 [29]. For a fixed twist
τ , at most four values of ℓ2 appear: ℓ2 = τ, τ − 2, τ − 4, τ − 6 . Therefore, twist six is the
maximum twist which contain symmetric HS fields (ℓ2 = 0). Moreover, it is the only twist
in the second Regge trajectories which contains scalar fields: there are two of them as
G6cyc3(x, y) = 2 +O(x, y).
4.2 AdS Dual of Free Yang-Mills
With the above inputs, let us now turn to the putative Bulk theory Dual to free Yang-Mills
(BDYM).
Field Content
The first hint about the theory is its field content. In the planar limit, this may be identified
with the single-trace operator spectrum of free Yang-Mills. As we have discussed in the
previous section, this spectrum can be arranged into different Regge trajectories (RT),
where the n-th Regge trajectory, which we denote as RTn, contains fields dual to the
operator involving n + 1 power of the Yang-Mills curvature Fab . The fields in the first
trajectory coincide with those of the Type C theory as the operator spectrum does so on
the CFT side. Let us remind the reader that this trajectory contains infinitely massless
fields of symmetric type,
ϕµ1···µs [s = 2, 3, . . . ,∞] , (4.20)
as well as the mixed-symmetry fields,
ϕµ1···µs,ν1ν2 [s = 4, 6, . . . ,∞] , (4.21)
of the Young diagram type (s, 2)PI . Remark that the fields (4.21) are only for even s ≥ 4 .
There are also four non-gauge fields in this trajectory: two scalar fields (actually one scalar
and one pseudo-scalar) ϕ and ϕ′, one non-gauge two-form ϕ[µν] and one (2, 2) mixed-
symmetry field ϕµ1µ2,ν1ν2 . On top of the first Regge trajectory fields, there are infinitely
many higher trajectories, each of which contains infinitely many fields. All these fields
are massive and their ‘masses’ increase as the trajectory number n grows. This is because
the minimum twist — that is, the minimum energy ∆ minus the ‘spin’ ℓ1 — of the n-th
trajectory fields is n + 1, whereas all massless fields in AdS5 have twist 2. These massive
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fields make use of all allowed mixed-symmetry tensors. Let us also mention that the
field content of BDYM is a subset of the type IIB string theory spectrum in AdS5×S5
background since the free Yang-Mills is a subset of free N = 4 Super Yang-Mills.
Cubic Interactions and HS Symmetry
Let us now discuss about the interaction structure of this theory, starting from that of
cubic order. First of all, non-Abelian cubic interactions of massless gauge fields should be
fixed by an underlying HS algebra. Actually, such HS algebra is a bosonic subalgebra of
the maximal symmetry of free N = 4 theory [48–53]. It consists of the generators
s− 1
s− 1 ,
s− 1
s− 1 , (4.22)
corresponding to the Killing tensors of symmetric and mixed-symmetry fields ϕµ1···µs and
ϕµ1···µs,ν1ν2 , respectively.
5 Its subalgebra consisting of two-row Young diagram generators
has been studied in the context of the conformal HS theory in [55]. Oscillator realization
of generic doubleton representations have been studied in [47, 49]. More recent discussions
can be found in [56–60].
As the spin-one doubleton plays the role of fundamental representation of this HS alge-
bra, any of its tensor products forms a multiplet under the same algebra. This means that
the quadratic action of these fields belonging to a given, say n-th, Regge trajectory should
admit such HS symmetry. This symmetry acts on these fields in a way mixing different
components and fields, somewhat similarly to supersymmetry. This rigid HS symmetry
can be gauged by coupling the corresponding currents, made by the n-th trajectory fields,
to symmetric HS gauge fields. In addition, this HS symmetry would restrict even the rest
of cubic interactions, involving three curvatures, sometime referred as ‘Born-Infeld-type’.
Therefore, in the end, all the cubic interactions will be fully determined by HS symmetry.
This is not surprising because the cubic interactions of the AdS theory can be determined
by the three-point functions in CFT, which in turn are fixed uniquely by the HS symmetry
[61].
In fact, by considering possible CFT three-point functions, one can extract additional
information about the AdS cubic interactions. Denoting CFT operators involving n powers
of Fab as ORTn , one can conclude that the connected part of the three-point function,
〈ORTn1 ORTn2 ORTn3 〉 [n1 ≤ n2 ≤ n3] , (4.23)
vanishes if
n3 − n1 − n2 > 0 or odd . (4.24)
This is simply because in a free CFT, all correlation functions are entirely fixed by Wick
contractions. This directly leads us to the following two conclusions about the cubic inter-
actions of the AdS theory. Firstly, cubic interactions are absent for the fields belongings to
5See [54] for some generality about the mixed-symmetry fields and their Killing tensors.
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the (ni−1)-th RT, which we denote by RTni , satisfying (4.24). In particular, the massless-
massless-massive interactions, that is RT2−RT2−RTn interactions, exist only for n = 4 .
This implies that the massless gauge fields can source only the fields of the third Regge
trajectories. Further, two fields in any RTn can source a single field in RT2. That is, RT2−
RTn−RTn is an allowed interaction in the bulk for any n . Secondly, all fields with odd n
can be truncated consistently at least at the cubic level. This in fact makes sense from the
CFT point of view: by considering CFT fields taking value in a non-square matrix space,
we would restrict only to the operators having even n .
Quartic Interaction and Locality
Quartic interaction is the pandora’s box, containing many crucial subtleties of HS field
theory. In the unfolded formulation of Vasiliev theory, the quartic information is not
manifest, but once presented in a conventional metric-like form, even the scalar field turns
out to involve non-local quartic coupling, as recently shown in [62, 63] using AdS/CFT
duality (see [64] for the cubic order analysis). In the holographic correspondence, the
quartic interactions enter in the determination of four-point Witten diagrams, which are
in turn directly related to the CFT four-point function. Hence, quartic interactions can be
identified from CFT four-point function by extracting the exchange diagram contributions.
Returning to BDYM, its quartic interactions of the first Regge trajectory fields can be
obtained from the four-point function of the operators quadratic in Fab by removing the
contribution of exchange diagrams where the exchanged fields belong to either the first or
the third RT:
RT2
RT2RT2
RT2
= (4 pt) −
RT2
RT2RT2
RT2
RT2
−
RT2
RT2RT2
RT2
RT4
. (4.25)
Now the second diagram on the right hand side does not exist in the Type C theory, as
only fields in RT2 appear there. This shows that the quartic coupling of massless fields in
this stringy AdS theory of BDYM would generically differ from that of Type C theory. The
same conclusion can be drawn for the AdS duals of free scalar adjoint and vector models.
It will be interesting to compare the quartic interactions of these theories, that is, one dual
to vector model and the other dual to adjoint model CFT.
HS Higgs Mechanism
Probably one of the most interesting and challenging issues in the duality of free Yang-Mills
is the question of extending the duality to interacting Yang-Mills. This putative correspon-
dence has been extensively studied, but the focus was mostly on the understanding of the
strongly coupled boundary theory. Here, we take a more modest point of view: we assume
to extend the free Yang-Mills duality to weakly interacting one, hence in high energy. From
AdS point of view, the background geometry is nearly AdS in the asymptotic region but
drastically modified in deep interior region. This modification of the background should
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be caused by a kind of Higgs mechanism, where HS symmetry is broken down to boundary
Poincare´ symmetry iso(1, 3). The breaking of HS symmetry makes all massless HS fields
acquire masses. More precisely, their UIR D(s + 2, (s, 0)) and D(s + 2, (s, 2)PI) should be
combined with the Goldstone modes, D(s+3, (s−1, 0)) andD(s+3, (s−1, 2)PI) , respectively
[53]. These modes are related to the gauge mode D(3, (1, 0)) of the doubleton D(2, (1, 1)PI) ,
which can be interpreted as the right side of interacting Yang-Mills equations:
∂a Fab = g
(
[Aa,Fab] + ∂
a [Aa ,Ab]
)
+O(g2) , (4.26)
where Fab = 2 ∂[aAb] is the curvature of free theory. These contributions also give rise to
the right hand side of the current conservation condition,
∂a1 Ja1···as = g Ka1···as−1 +O(g2) , ∂a1 Ja1···as,b1b2 = g Ka1···as−1,b1b2 +O(g2) , (4.27)
where Ka1···as−1 and Ka1···as−1,b1b2 are the operators made by three Fab . They are dual
to the HS Goldstone fields belonging to the second RT, which contains also other massive
fields. Let us denote the Goldstone fields and the others by GS and RT′3, respectively.
They altogether form a massive multiplet of HS symmetry. The mass generation mech-
anism itself should be controlled in particular by the cubic interaction RT2−RT3−RT3.
The second Regge trajectory RT3 splits into the Goldstone fields GS and the rest of the
fields RT′3. When the latter takes a non-trivial background value proportional to g, the
cubic coupling generates the kinetic term mixing between RT2 and GS which realize a
Stueckelberg formulation of massive HS:
RT2
RT3RT3
⇒
RT2
RT′3GS
, (4.28)
and the massless fields in RT2 acquire masses proportional to g
2 . Moreover the background
value of RT′3 would source the graviton such that the gravitational background is also
deformed to a non-AdS geometry:
gµν
RT′3RT
′
3
, (4.29)
whereas in the case of String theory dual to N = 4 theory, the source term should add up
to vanish. See [53] for the discussions of Higgs mechanism there. Let us also note that,
in the latter case, the vacuum expectation value should not break the AdS covariance,
and the only fields which may fulfill this condition are scalar and symmetric rank-two
fields, when formulated in terms of doubly traceless fields. As a final observation, the only
massless-massless-massive interactions are RT2−RT2−RT4. Therefore, it is possible to turn
on background values for fields in RTn≥5 without inducing additional mass-like terms for
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RT2 . Also, since vertices of the form RT2−RTn2−RTn3 are generically allowed, turning
on background values for fields in massive RTs would generically source the graviton,
deforming the background to a non-AdS geometry. Of course, this perturbative picture
should be appended by all higher order corrections to realize fully non-perturbative Higgs
mechanism.
4.3 One-Loop Vacuum Energy in AdS5
We now compute the one-loop vacuum energy of Bulk Dual theory of free SU(N) Yang-
Mills (BDYM) around AdS5 with S
4 boundary. Compared to the spectrum of the Type-C
HS theories, this HS theory has a vastly extended field content as we have discussed before.
The field content is encoded in the character (or generalized partition function) of the CFT,
which can be in turn determined as in (4.4). Hence, it is possible to apply the CIRZ method
to compute the zeta function of BDYM, and thus the one-loop vacuum energy.
4.3.1 Zeta Functions for First Few Regge Trajectories
In this section we shall compute the one-loop vacuum energies of the fields in the first few
Regge trajectories of BDYM. We begin with rather explicit demonstration of the results
for the first three Regge trajectories then display the higher order quantities graphically.
The CIRZ method requires explicit form of character for each Regge trajectories, and they
are given in (4.4). For completeness, we start with the order two contribution.
Order Two
This is the same as the minimal Type-C computation, which has already been carried out.
The answer obtained is
Γ(1) ren
cyc2
=
62
45
logR , (4.30)
which is twice of Γ(1) renS1 , the ‘vacuum energy’ of the boundary spin-one field.
Order Three
The order three character is given by (4.5). From it, we may compute fcyc3|n(β) and its
corresponding series expansion about β = 0 to obtain
γcyc3|2 =
55141
51975
, γcyc3|1 =
193541
299376
, γcyc3|0 =
665702
1403325
. (4.31)
We may sum these to obtain
Γ(1) ren
cyc3
=
4453429
2041200
logR ≃ 2.18177 logR. (4.32)
As before, we compare this to the boundary spin-one result to obtain
Γ(1) ren
cyc3
Γ(1) renS1
=
143659
45360
≃ 3.16709 . (4.33)
– 25 –
Order Four
The order four character is given by
χcyc4(β, α+, α−) =
χS1(β, α+, α−)
4 + χS1(2β, 2α+, 2α−)
2 + 2χS1(4β, 4α+, 4α−)
4
.
(4.34)
In that case we find
γcyc4|2 =
42641101
26611200
, γcyc4|1 =
9204955
9580032
, γcyc4|0 =
198713
369600
, (4.35)
and hence
Γ(1) ren
cyc4
=
2109829
680400
logR ≃ 3.10087 logR . (4.36)
Comparing this to the ‘vacuum energy’ of the boundary spin-one, we get
Γ(1) ren
cyc4
Γ(1) renS1
=
68059
15120
≃ 4.50126 . (4.37)
Higher Orders
We may push the computation of zeta functions to higher Regge trajectories. While we do
not provide explicit answers here, we do exhibit the results graphically. Figure 2 is the plot
Figure 2. Plot of Γ(1) rencycn from n = 1 to 15
of the one-loop vacuum energies of the fields in the first 15th Regge trajectories. It does
not shows the curious pattern6 observed for the free scalar adjoint model [29], but there
are other remarkable points: first of all, the vacuum energies seems to follow a smooth
curve than a chaotic oscillation. Moreover, the vacuum energy becomes negative starting
from n = 13 . This sign flip of vacuum energy is certainly remarkable. Even though we do
not have a clear physical interpretation for this phenomenon, let us elaborate a possible
direction. When N is a finite number, the power of Fab which can appear inside of a single
6 In the holography of free scalar adjoint model, the vacuum energies of the AdS fields in the first 32
trajectories coincide, when normalized with Euler totient function, with that of boundary scalar within 1%
of error.
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trace is limited. Only first N − 1 Regge trajectories (n = 2, . . . , N) do not lose any of its
field content.7 Taking only the contributions of the “untouched” trajectories, we get the
sum
∑N
n=2 Γ
(1) ren
cycn , which are plotted in Figure 3 for N = 2, . . . , 15 . Now, we see that the
Figure 3. Plot of
∑N
n=2 Γ
(1) ren
cycn upto N = 15
sign flip happens for particular value of N , viz. N = 14, which is an external parameter
of the theory. Would this show a sign of phase-transition in N? Of course, one have to
bear in mind that we have not take into account the contributions from the trajectories
with N < n < N2 and the finite N would nullify many nice features. The 1/N expansion
becomes purely numerical, hence it is hard to assume that the lower order in the expansion
can be considered seperately. Moreover, the assumed map between CFT operators and
AdS fields would get a finite correction.
5 10 15 20 25 30
5
10
15
Figure 4. log |Γ(1) rencycn | from n = 1 to 32
Extending the computation to the order n = 32, we find that the vacuum energy
behaves as Γ(1) rencycn ∼ −C · 2n for large n (see Figure 4). Hence, even though it is growing
7The Regge trajectories with N < n < N2 will have a partial loss of single-particle content, whereas
higher trajectories lose the entire content of single-particle fields.
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negatively, it would have a positive contribution:
∑∞
n=t Γ
(1) ren
cycn ∼ C · 2t. We will see in the
next section that the total vacuum energy indeed becomes a positive quantity in a different
summation scheme.
4.3.2 Zeta Function in Log Slice
When N →∞, the vacuum energy of BDYM can organized in a different way as
χBDYM(g) =
∞∑
n=2
χcycn(g) =
∞∑
n=2
1
n
∑
k|n
ϕ(k) [χS1(g
k)]
n
k
= −χS1(g) +
∞∑
k=1
∞∑
m=1
1
mk
ϕ(k) [χS1(g
k)]m
= −χS1(g) +
∞∑
k=1
ϕ(k)
k
χlog,k(g) , (4.38)
where χlog,k are given by
χlog,k(β, α1, α2) = − log [1− χS1(kβ, kα1, kα2)] . (4.39)
The above resummation of character has been considered in [24, 25, 43] for the calculation
of CFT partition function. The contribution of the first term in (4.38) has already been
computed in (3.16), hence we will concentrate on the second term (4.39). Before doing so,
we would like to remind the reader of an argument made in [29]. In principle, one may
wish to consider the character obtained by first carrying out the sum over k in the second
term of (4.38). However, if βc is a singular point for the term (4.39) at k = 1, then the
terms with higher values of k would possess singular points at βck . Further, as we increase
the value of k, these singularities would tend to cluster around β = 0 making the character
highly non-analytic there. For this reason, we will compute the contribution of (4.39) to
the vacuum energy, separately for a given value of k, and then carry out the sum over all
k. Now given the character (4.39) and the expressions (2.42), we may readily evaluate the
quantities
flog,k|2(β) =
1
2 sinh
4 β
2 log
[
sinh(k β) (cosh(k β)− 2)
(cosh(k β)− 1)2
]
,
flog,k|1(β) =
1
6 sinh
2 β
2 (cosh β − 7) log
[
sinh(k β) (cosh(k β)− 2)
(cosh(k β)− 1)2
]
− k
2 sinh4 β2 csch
2 k β
2
cosh(k β)− 2 ,
flog,k|0(β) = log
[
sinh(k β) (cosh(k β)− 2)
(cosh(k β)− 1)2
]
− k
2 sinh2 β2 (cosh β − 7) csch2 k β2
6 (cosh(k β)− 2)
+
k4 sinh4 β2 [30 cosh(k β)− 5 cosh(2 k β)− 31] csch4 k β2
12 (cosh(k β)− 2)2 .
(4.40)
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On series expanding these quantities around β = 0, we obtain
flog,k|2(β) = −
log(− 4
k3 β3
)
32
β4 −
3 k2 − log(− 4
k3 β3
)
192
β6 +O (β7) ,
flog,k|1(β) =
1− log(− 4k3 β3 )
4
β2 +
2 + 11 k2
48
β4 +O(β5) ,
flog,k|0(β) = −
3− log(− 4
k3 β3
)
2
β2 +
1− 11 k2
12
β4 +O (β5) .
(4.41)
Here, one can see that precisely β5, β3 and β coefficients are absent in the above expansions.
Therefore, we get
γlog,k|2 = 0 , γlog,k|1 = 0 , γlog,k|0 = 0 , (4.42)
and we are led to conclude that the contribution to the vacuum energy from a fixed k-slice
vanishes. Therefore the only nontrivial contribution is from the first term and we finally
find that
Γ(1) renBDYM = −
31
45
logR . (4.43)
This suggests the shift of bulk inverse coupling constant from N2 − 1 to N2, as we shall
now show. Firstly, we have from equation (2.26),
Ffree YM =
(
N2 − 1) 31
45
log ΛCFT. (4.44)
Correspondingly, on the AdS side we have
ΓBDYM =
1
g
SBDYM + Γ
(1) ren
BDYM +O(g)
=
1
g
SBDYM − 31
45
logR+O(g) .
(4.45)
We are thus led to identify
(
N2 − 1) 31
45
logR =
1
g
SBDYM − 31
45
logR , (4.46)
which suggests the identifications
1
g
= N2 , SBDYM =
31
45
logR . (4.47)
Thus, as mentioned above, our computation suggests that the bulk inverse coupling con-
stant should be shifted from N2 − 1 to N2.
5 One-Loop Casimir Energy in Thermal AdS
We now turn to the comparison of partition functions between the AdS5 and CFT4 theories,
where the boundary of AdS is given by S1 × S3. On the AdS5 side, this corresponds to
taking the thermal quotient, as described in [37–39]. We will now discuss the matching
of the thermal AdS partition function to that of CFT. In (2.28) and (2.37), the matching
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between FˆCFT(β) and FˆTAdS(β) is in fact tautological, as we review here. If the field in
AdS5 carries a representation D(∆, ℓ) of the algebra so(2, 4), the temperature dependent
part of the AdS free energy is given by (see, for example, [65])
FˆD(∆,ℓ)(β) = −
∞∑
m=1
1
m
χD(∆,ℓ)(mβ) , (5.1)
where χD(∆,ℓ)(β) := χD(∆,ℓ)(β, 0, 0) is the blind character of D(∆, ℓ) . In particular, this
was explicitly shown in [39, 41] for symmetric massless bosonic HS fields by evaluating
one-loop determinants. Summing individual free energies over the spectrum H of the AdS
theory, we would obtain the total free energy,
FˆH(β) =
∑
∆,ℓ
ND(∆,ℓ) FˆD(∆,ℓ)(β) . (5.2)
In the cases of the vector model dualities where the spectrum is simple, the expression
(5.2) was evaluated to match with the order N0 partition function FˆCFT of the dual vector
model CFT [18, 66, 67]. In the case of adjoint model CFT dualities, the explicit spectrum
of theory is not available. Nevertheless, using the linearity of the free energy and character,
the total free energy can be directly obtained from the total character χH as
FˆH(β) = −
∞∑
m=1
1
m
χH(mβ) . (5.3)
The blind character χH(β) is nothing but the single-trace one-particle partition function of
the dual CFT8 and the formula (5.3) precisely defines the multi-particle or grand canonical
partition function. Therefore, the match of temperature dependent part of free energy
FCFT and FTAdS is guaranteed, and we omit further discussion of this term.
Let us then turn to the term β ETAdS , which is the effective action or free energy of
AdS5 ≃ R × D4 with R × S3 boundary. With the time-translation isometry, the zeta
function for the spectrum D(∆, ℓ) in AdS5 reduces to that of the spatial Laplacian on the
disk D4 as
ζD(∆,ℓ),AdS5(z) = β
Γ(z − 12)√
4π Γ(z)
ζD(∆,ℓ),D4(z − 12) . (5.4)
Since the square root of the spactial Laplacian is nothing but the energy, the zeta function
ζH,D4 can be directly related to the Mellin transform of the character as
ζD(∆,ℓ),D4(z − 12 ) = χ˜D(∆,ℓ)(z − 1) , χ˜D(∆,ℓ)(z) =
∫ ∞
0
dβ
βz−1
Γ(z)
χD(∆,ℓ)(β) . (5.5)
Therefore, ETAdS can be interpreted as the Casimir energy in D4 of the bulk theory. Again
using linearity of the expressions, the total Casimir Energy of the theory having the spec-
trum H will be given by [18]
EH = 1
2
χ˜H(−1) . (5.6)
8This is a necessary condition for matching the spectra of the bulk and boundary theories, a requirement
which we have imposed externally, in the absence of an independent construction of the bulk theory. As we
have remarked previously, spectrum matching is a necessary condition for any putative AdS/CFT duality.
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This Casimir energy ETAdS in the bulk will be related later on to ECFT of the boundary
CFT, as in [18]. In order to distinguish this two quantities, we shall refer the former/later as
AdS/CFT Casimir energy. For the evaluation of the quantity, similarly to the S4 boundary
case, we can deform the integration contour of (5.5) to Figure 1 to get
χ˜D(∆,ℓ)(z) =
i
2 sin(π z)
∮
C
dβ
βz−1
Γ(z)
χH(β) . (5.7)
If the character χH(β) does not have any singularity on the positive axis of β except for
poles at β = 0 , then the contour C can be shruncken to a small circle around β = 0 to give
EH = −1
2
∮
C
dβ
2π i β2
χH(β) . (5.8)
Hence, the AdS Casimir energy is simply given by −1/2 times of the β linear Laurent
coefficient of the character χH(β) .
5.1 AdS Dual of Free Scalar Adjoint Model
We now briefly return to the duality of free adjoint scalar studied in [29]. The purpose is
two-fold. Firstly it will serve as a warm up for the duality of free Yang Mills which we shall
soon be turning to. Secondly, it shall enable us to compare and contrast some features of
the Casimir energy of the bulk theories dual to scalar and Yang Mills CFTs.
Casimir for A Few Orders of Regge Trajectories
We now turn to evaluation of the AdS Casimir energy ETAdS for the first few Regge trajectory
fields of the Bulk Dual of free Adjoint Scalar (BDAS). We shall explicitly display results
for the first and second trajectories and later plot the results for higher trajectories.
Order One This is just the Rac representation itself. As discussed in [29], this neither
belongs to the single-trace operator spectrum nor represent a propagating degree of freedom
in the bulk. Nonetheless, one may formally treat it as such and compute the Casimir energy
associated with it. Using the Laurent expansion of the character,
χRac(β) =
cosh β2
4 sinh3 β2
=
2
β2
− β
120
+O(β2) , (5.9)
we take the coefficient linear in β and multiply by −12 as per (5.8) to obtain
ERac = 1
240
. (5.10)
Order Two This case corresponds to the computation for the minimal Type A Vasiliev
theory dual to the O(N) vector model as carried out in [18]. We will recover their results
and review the argument for this computation indicating a shift in the bulk coupling
constant from N to N − 1. We begin with the expression for the the order two character,
given by
χcyc2(β) =
sinh2 β
(
csch8 β2 + 16 coth β csch
4β
)
128
=
2
β6
+
1
8β3
− 1
60β2
+
1
756
− β
120
+O(β2) . (5.11)
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Hence the Casimir energy is given by
Ecyc2 =
1
240
. (5.12)
We now review the argument of [18] for this result indicating a shift in the bulk coupling
constant. Firstly, it turns out that the total Casimir Energy in the boundary theory scales
as N , i.e.
FO(N) Scalar(β) = N β Eφ + FˆO(N) Scalar(β) . (5.13)
Therefore, using the bulk-boundary correspondence it should be apparent that the bulk
Casimir energy cannot contain loop corrections to its classical value. However, we do find
a one-loop contribution. That is,
ΓA,min =
1
g
SA,min + β EA,min + FˆA,min(β) +O(β) , (5.14)
where SA,min is the on-shell classical action. With FˆO(N) Scalar(β) = FˆA,min(β) , the two
statements may be reconciled by requiring that
1
g
= N − 1 , SA,min = 1
240
β . (5.15)
This is the same shift as found by taking the boundary to be S4 [17].
Order Three The order three character is given by
χcyc3(β) =
sinh3 β csch12 β2 + 128 sinh(3β) csch
4 3β
2
1536
=
8
3β9
− 1
30β5
+
59
1134β3
− 2081β
124740
+O(β2) , (5.16)
hence the Casimir energy is
Ecyc3 =
2081
249480
. (5.17)
Higher Orders We proceed to higher orders and display the result in Figure 5. This
result exhibits an interesting pattern analogous to what we have already reported in our
previous paper [29]: the values of vacuum energy (that is, the free energy in AdS5 with
S4 boundary) become extremely simple when the order of trajectory is given by n = 2k.
This pattern persists even in the Casimir energy: for k = 1, 2, . . . , 7, the corresponding
Casimir energy is given by 2k/120. Another analogous feature to the vacuum energy case
is that the pattern of Casimir Energy with respect to the order n is compatible with the
Euler totient function ϕ(n). The ratio of Casimir Energy to the Euler totient function is
displayed in Figure 6. When n = 2k, the ratio Ecycn/(ϕ(n) ERac) becomes exactly 1. Apart
from n = 2k, the ratio is not exactly one, however they are very close to one with very
small fluctuations. This behavior was similarly observed in the vacuum energy case [29].
What is more interesting in the Casimir energy case is that the fluctuation itself has a
certain pattern. There are three group of trajectories (consisting of three lines in Figure 6
and appearing periodically) where the quantities Ecycn/(ϕ(n) ERac) are very similar with
little fluctuations. It would be interesting to understand the reason for all these intriguing
patterns, but it is beyond the scope of the current paper.
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Figure 5. Plot of Ecycn for n = 1, . . . , 128
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Figure 6. Plot of Ecycn/(ϕ(n) ERac) for n = 1, . . . , 128
Casimir in Log Slice
As illustrated in the previous section, the AdS Casimir energy grows rapidly with respect
to the order of Regge trajectory n. Therefore, the total Casimir energy of BDAS requires
suitable regularization process as the vacuum energy. Instead, we organize the total Casimir
energy of BDAS in a different way by making use of the resummation formula of character as
in (4.38). The Mellin transform of the character can be also cast in the same resummation
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form as
χ˜BDAS(z) = −χ˜Rac(z) +
∞∑
k=1
ϕ(k)
k
χ˜log,k(z) , (5.18)
where χlog,k(β) = − log[1 − χRac(k β)] . In this section, we consider even the arbitrary
dimensional case, that is, for the Bulk Dual of free Adjoint Scalar (BDAS) on S1 × Sd−1 .
The character of Rac is given in any d as
χRac(q) =
q
d−2
2 (1 + q)
(1− q)d−1 or χRac(β) = 2
2−d cosh
β
2
(sinh β2 )
d−1
(5.19)
Here, the variable q is defined by e−β .
Firstly we focus on the log piece in (5.18). Here we have two ways to proceed. One
way is the expansion of the character,
χlog,k(β) = − log[1− χRac(k β)] = 3 lnβ − log
(
− 2
k2
)
+
k3 β3
2
+O(β4) , (5.20)
ignoring the branch contribution. Here, we can see that the above character does not have
any linear term in β hence the corresponding Casimir energy vanishes. The same conclusion
can be drawn in a different way: we first perform the change of variable k β → β inside the
Mellin integral which allows to factor out the k dependence as
χ˜log,k(z) = −
∫ ∞
0
dβ
βz−1
Γ(z)
log[1− χRac(k β)] = k−z χ˜log,1(z) . (5.21)
The k summation can be independently carried out from χ˜log,1(z) as
∞∑
k=1
ϕ(k)
k
χ˜log,k(z) =
(
∞∑
k=1
ϕ(k)
kz+1
)
χ˜log,1(z) =
ζ(z)
ζ(z + 1)
χ˜log,1(z) . (5.22)
For the remaining part χ˜log,1(z), instead of deforming the contour, we perform an integra-
tion by part to get
χ˜log,1(z) = −
∫ ∞
0
dβ
βz−1
Γ(z)
log [1− χRac(β)] = −
∫ ∞
0
dβ
βz
Γ(z + 1)
∂βχRac(β)
1− χRac(β) + i c ,
(5.23)
where c is a constant arising from the singularity of logarithmic function. Let us first
ignore this imaginary constant piece. In the rest of integral, the character enters through
the form,
q ∂q χRac(q)
χRac(q)− 1 = q
d
2
−1 1 + q
2 − d2 (1 + q)2
(1− q)d − q d2−1(1− q2)
= q
d
2
−1
(
d− 1
1− q +R(q)
)
. (5.24)
The quantity have the simple pole at q = 1 and R(q) is the regular rational function in the
real axis of q. Therefore, this function can be decomposed as
R(q) =
d−1∑
n=1
an
1− bn q , (5.25)
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with proper complex coefficients an and bn . This decomposition allows the analytic β-
integral by Hurwitz-Lerch transcendent Φ (z, s, a).
χ˜log,1(z) = −(d− 1) ζ
(
z + 1,
d− 2
2
)
−
d−1∑
n=1
anΦ
(
bn, z + 1,
d− 2
2
)
. (5.26)
Putting z = −1 with using properties of Φ(z, s, a), we get
χ˜log,1(−1) = −(d− 1) ζ
(
0,
d− 2
2
)
−R(1) . (5.27)
Finally, using the information,
ζ
(
0,
d− 2
2
)
=
3− d
2
, R(1) =
(d− 1)(d − 3)
2
, (5.28)
we find that two terms in (5.26) precisely cancel to each other hence χ˜log,k(−1) = 0 .
Since the log pieces in (5.18) do not contribute to the AdS Casimir energy, the non-
trivial contribution totally come from the first term in (5.18). For its evaluation, we need
to extract the β linear coefficient of the χRac(β) . Analytic expression involves multiple
summation, hence let us provide the result for the first few dimensions. First we note that
in all odd d, the function χRac(β) is even and the linear term is absent. About the even
d = 2, 4, 6, 8, 10, 12, the total Casimir energy for BDAS is given by
EBDAS = 1
12
, − 1
240
,
31
60480
, − 289
3628800
,
317
22809600
, − 6803477
2615348736000
. (5.29)
The sign of Casimir energy is hence positive in d = 4n − 2 dimensions whereas negative
in d = 4n and they fastly decrease as d increases. We now examine the implication of
this result on the dictionary between the boundary parameter N = N2 − 1 and the bulk
coupling constant g. Firstly, the total Casimir energy in the boundary theory scales as
N2 − 1, i.e.
FAdj Scalar(β) =
(
N2 − 1) β Eφ + FˆAdj Scalar(β) , (5.30)
where the boundary scalar Casimir energy is given by
Eφ = ERac = 1
240
. (5.31)
Now the bulk Casimir energy does contain a one-loop contribution. That is,
ΓBDAS(β) =
1
g
SBDAS + β EBDAS + FˆBDAS(β) +O(g) . (5.32)
Again, with the match between FˆAdj Scalar(β) and FˆBDAS(β) , the correspondence holds if we
impose
1
g
= N2 , SBDAS =
1
240
β . (5.33)
This is the same shift found to match the total vacuum energy of BDAS to the boundary
free adjoint scalar CFT [29].
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5.2 AdS Dual of Free Yang-Mills
With the experience of BDAS, we now turn to the main computation of this section, the
total Casimir energy of the Bulk theory in AdS5 Dual to the free Yang-Mills (BDYM) on
the boundary S1×S3 . This task has been carried out in [68]. After presenting independent
analysis of the current work, we shall comment more on its relation to the last reference.
Casimir Energy for First Few Regge Trajectories
We first do an order-by-order computation, evaluating the Casimir energies of the fields in
first few Regge trajectories of BDYM. Let us remind that order n trajectory fields are dual
to the CFT operators involving n-th power of Fab hence correspond to n-ple cyclic tensor
product of S1 . Here, we show the results as n runs from one to 16, and then finally the
computation for the full theory.
Order One The relevant character is that of spin-one singleton,
χS1(q) =
2 q2 (3− q)
(1− q)3 =
4
β3
− 2
β
+ 1− 11β
60
+O(β2) . (5.34)
Taking the coefficient of β-linear term, we find
ES1 =
11
120
. (5.35)
Order Two The character for the first Regge trajectory is
χcyc2(β) =
8
β6
− 8
β4
+
17
4β3
+
19
15β2
− 5
2β
+
1307
945
− 11β
30
+O(β2) (5.36)
hence we obtain
Ecyc2 =
11
60
. (5.37)
This reproduces the Casimir energy for the minimal Type C bulk theory (see the equation
(4.2) of [20]) simply because the field content coincides. We now digress briefly to review
the proposal of [20] for how this result indicates the same shift in the dictionary between
the bulk dimensionless inverse coupling constant and the boundary parameter N, which
is simply N for the fundamental representation of O(N). Firstly, the boundary Casimir
energy turns out to be proportional to N , i.e.
FO(N)Maxwell(β) = N β EV + FˆO(N)Maxwell(β) . (5.38)
Therefore, using the bulk-boundary correspondence it should be apparent that the bulk
Casimir energy cannot contain loop corrections to its classical value. However, we do find
a one-loop contribution. That is,
ΓC,min =
1
g
SC,min + EC,min + FˆC,min(β) +O(g) , (5.39)
where SC,min is the on-shell classical action. The correspondence would work by requiring
1
g
= N − 2 , SC,min = 11
60
β , (5.40)
together with the match FˆO(N)Maxwell(β) = FˆC,min(β) . This is the same shift suggested by
the vacuum energy computation.
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Order Three The order three Regge trajectories contain only massive HS fields including
Goldstone modes for massless HS. The relevant character here is
χcyc3(β) =
64
3β9
− 32
β7
+
16
β6
+
196
15β5
− 16
β4
+
12422
2835β3
+
38
15β2
− 26
9β
+
1354
945
− 18767β
44550
+O(β2) ,
(5.41)
hence we get the AdS Casimir energy,
Ecyc3 =
18767
89100
. (5.42)
Higher Orders For the free Yang-Mills case in d = 4, the numerical values of Casimir
energy up to order 16 are displayed in the Figure 7, which shows an exponential growth.
Extending the computation to n = 32 and taking log, we find that the asymptotic behavior
is again Ecycn ∼ C 2n. This does not shows any chaotic pattern like BDAS. Moreover, in
Figure 7. Plot of Ecycn up to n = 16
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30
Figure 8. log(Ecycn) from n = 1 to 32
contrast with the vacuum energy, the Casimir energy does not exhibit sign flip at least up
to n = 32 .
Casimir in Log Slice
The AdS Casimir energies for the first few Regge trajectories exhibit an exponential-like
growth with respect to the order of Regge trajectory n, hence there sum would require a
regularization. We bypass this issue by slicing the total Casimir energy in a different as
χ˜BDYM(z) = −χ˜S1(z) +
∞∑
k=1
ϕ(k)
k
χ˜log,k(z) , (5.43)
where χlog,k is given in (4.39). The first term computation is already carried out in (5.34)
and (5.35). To evaluate second term, we again have two options. First option is to expand
the character ignoring the branch cut contribution as
χlog,k(β) = − log
(
− 4
k3 β3
)
+
k2 β2
2
+O(β3) . (5.44)
The absence of the linear term in β shows that the log pieces do not contribute to the
Casimir energy. In the second option, we first change the integration variable as k β → β
to get
∞∑
k=1
ϕ(k)
k
χ˜log,k(z) =
ζ(z)
ζ(z + 1)
χ˜log,1(z) , (5.45)
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Like the case of BDAS, we evaluate the remaining part χ˜log,1(z) by an integration by part
as
χ˜log,1(z) = −
∫ ∞
0
dβ
βz
Γ(z + 1)
q ∂q χS1(q)
χS1(q)− 1
+ i c , (5.46)
where c is the contribution from the log singularity and the rest can be recast into
q ∂q χS1(q)
χS1(q)− 1
=
3
1− q +R(q) , R(q) =
3 (−1 + 2 q + q2)
(1 + q)(1 − 4 q + q2) . (5.47)
This decomposition allows an analytic β-integral via Hurwitz zeta function and Hurwitz
Lerch transcendent analogously to previous section. Following the same line of calculation,
we arrive
χ˜log,1(z) = −3 ζ(0, 0) −R(1) . (5.48)
Since ζ(0, 0) = 1/2 and R(1) = −3/2, the two terms in the above equation exactly cancel
each others and this proves the vanishment of log contribution. Let us comment here on the
relation of the above calculation to that of [68]. In the latter paper, the author calculated
the Casimir energy through the formula
EH = lim
q→1
1
2
q ∂q χH(q) = lim
β→0
−1
2
∂βχH(β) . (5.49)
From the expression after the second equality, it clearly gives the β linear term in χH up
to the singular terms in the β → 0 limit. Therefore, one may consider this as small β cut-
off regularization whereas the current paper makes use of the zeta function regularization.
Despite of the difference in the regularization methods, both analysis give the same answers.
In conclusion, the total Casimir energy receives the contribution only from the first
term of (5.43)9 hence it is given by
EBDYM = − 11
120
. (5.50)
We now examine the implication of this result on the dictionary between the boundary
parameter N = N2 − 1 and the bulk coupling constant g. Firstly, the total Casimir energy
in the boundary theory scales as N2 − 1, i.e.
Ffree YM(β) =
(
N2 − 1) β EV + Fˆfree YM(β) (5.51)
where the boundary spin-one Casimir energy is given by
EV = ES1 =
11
120
. (5.52)
Now the bulk Casimir energy does contain a one-loop contribution. That is,
ΓBDYM =
1
g
SBDYM + β EBDYM + FˆBDYM(β) +O(g) , (5.53)
where SBDYM is the on-shell classical action. The two statements may be reconciled by
requiring that
1
g
= N2 , SBDYM =
11
120
β , (5.54)
which is the same shift as found for the vacuum energy computation in Section 4.3.2.
9In [68], only the log part was considered without the first term in (5.43), hence the authors found
vanishing Casimir energy.
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6 Conclusion
In this paper, we have examined the AdS/CFT of free Yang-Mills with gauge group SU(N)
in the large N limit. The Bulk Dual theory of free Yang-Mills (BDYM) is not given inde-
pendently but defined through the holographic correspondence. Its field content is dictated
by the single-trace operators of free Yang-Mills and their interactions are to reproduce the
correlation functions of the corresponding CFT operators through Witten diagrams. Based
on this, we characterized and discussed various properties of BDYM. Once the bulk classical
theory is determined from CFT, the quantum property of the former should be consistent
with the N dependence of the CFT. Let us remark that non-triviality of the duality start
to appear from this point when the bulk theory is not independently defined. Here, we
considered the simplest quantum property of BDYM — the one-loop partition function.
Depending on the background of the bulk geometry, either AdS5 with S
4 boundary or ther-
mal AdS5 with S
1 × S3 boundary, the partition function gives vacuum or Casimir energy
of the bulk theory. These quantities are defined as the sum of individual vacuum/Casimir
energies of infinitely many fields in the theory. The resummations of these quantities were
carried out by utilizing the method of Character Integral Representation of Zeta function
(CIRZ) introduced in [29]. A main difference between the vector and adjoint model dual-
ities is that the corresponding AdS theory of adjoint model has infinite times more fields
than that of vector models. By employing analogy with string theory, vector model op-
erator spectrum only consists of a single Regge trajectory which itself contains infinitely
many fields, whereas that of adjoint model involves infinitely many trajectories. On the one
hand, the infinity of fields in a Regge trajectory can be simply regularized by employing
zeta function: the variable z regularizes both of UV divergence and the infinity of fields
(the former may be regarded as the infinity of oscillator modes). On the other hand, the
infinity of trajectories is not controlled by the regulator z and one might need to introduce
another regulator for this. However, when N →∞, the total vacuum/Casimir energy can
be rearranged such that it is given by a different sum. In this new summation formula,
we showed using CIRZ that the summand vanishes except for one term. This result is
obtained up to one technical subtlety, which will be discussed in the following paragraph.
The result suggests that the bulk coupling constant should be identified to 1/N2 rather
than 1/(N2− 1) , and the on-shell evaluation of the BDYM classical action is 3145 logR and
11
120 β for the background AdS and thermal AdS, respectively. Besides the holography of
free Yang-Mills, we have also revisited the type-C theory dual to Maxwell vector models
and the holography of free adjoint scalar CFT.
Let us conclude this paper with discussions on the above-mentioned subtlety. In Section
4.3.2, we have shown that the log piece contributions all vanish as the corresponding
characters do not have the relevant β2n+1 terms. As discussed in Section 2.4 below (2.47),
there is another way to proceed for the vacuum energy is to evaluate the contour integral for
each of this log pieces. As discussed in [29], the difference between two method is whether
we include the branch cut contributions of the contour integral of log pieces. In the vacuum
energy computation in the background of AdS5 with S
4 boundary, these contributions
have very nontrivial k dependence, where k is the summation variable, hence it is hard to
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encompass. However, in the Casimir energy computation in the background of AdS5 with
S1×S3 boundary, the k dependence nicely factorizes in (5.22) to give ζ(z)/ζ(z+1) which
gives the constant factor ζ(−1)/ζ(0) = 16 in the z = −1 limit. Therefore, one may expect
to evaluate the contour integral,∮
C
dβ
2π i β2
log[1− χS1(β)] =
∮
C
dβ
2π i β2
log
[
sinhβ (cosh β − 2)
(cosh β − 1)2
]
, (6.1)
where C is the contour encircling the singularity of the integrand that is connected to the
origin. It turns out that the branch cut of the free Yang-Mill’s integrand (Figure 9) is not
confined in a finite region differently from the adjoint scalar case (Figure 10). It would be
Figure 9. Branch cut of the character
in the Bulk Dual theory of free Yang-
Mills
Figure 10. Branch cut of the charac-
ter in the Bulk Dual theory of Adjoint
Scalar
very interesting to understand the implication of this branch cut contribution and also the
difference between two models.
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